Abstract. We study the number of Reidemeister type III moves using Fox n-colorings of knot diagrams.
Introduction
Any two oriented diagrams in the plane R 2 representing the same knot or link are related by a finite sequence of Reidemeister moves of type I, II, and III and planar isotopies on the underlying graph. For instance, Figure 1 illustrates three pairs of oriented diagrams representing the (i) trefoil knot, (ii) figure-eight knot, and (iii) (2, 4)-torus link, respectively. The reader can construct such finite sequence of Reidemeister moves for each pair. We remark that if a diagram is considered as lying on the 2-sphere S 2 = R 2 ∪{∞}, then an outside arc of the diagram can be thrown through ∞, see Figure 2 . By allowing this move, the diagram D 2i−1 (i = 1, 2, 3) in Figure 1 can be deformed into D 2i without any Reidemeister moves. We also remark that the number of type III moves is related to the minimal number of triple points in projections in 3-space of embedded surfaces in 4-space [7] . This paper is organized as follows: In Section 2, we review the Fox coloring for diagrams, which will be used to prove Theorem 1.1 in Section 3.
Preliminaries
Let D be a (possibly unoriented) link diagram in R 2 , which is an illustration of the projection of a link with small gaps at crossings to indicate over-under information. Thus D is regarded as a disjoint union of arcs, and we denote by Arc(D) the set of the arcs of D. Let n be a positive integer, and Z(n) = {0, 1, . . . , n − 1} the set of integers between 0 and n − 1 inclusive. Given a map ϕ : Arc(D) → Z(n), we call ϕ(α) the color of an arc α ∈ Arc(D). We say that this map ϕ is a Fox n-coloring [4] or simply n-coloring for D if the equality a + c ≡ 2b (mod n) holds at each crossing of D, where a and c are the colors of the two under-arcs, and b is the color of the over-arc at the crossing. See the right of Figure 3 , where we denote by x * y the integer k in Z(n) satisfying k ≡ 2y − x (mod n) for x, y ∈ Z(n). In this paper, we use extended n-colorings that were originally introduced in [6] (see also [2] ). Let D * be the set of immersed circle(s) in R 2 obtained from D by ignoring crossing information, and Region(D) be the set of connected regions of the
is the original Fox n-coloring, and (ii) the equality s + t ≡ 2a (mod n) holds at every point on D except crossings, where s and t are the colors of the two regions around the point, and a is the color of the arc on which the point lies. See the center of Figure 3 . We remark that there are no additional conditions around a crossing as shown in the right figure; indeed, it holds that
Given an n-coloring ϕ for D and an integer s ∈ Z(n), there is a unique extended n-coloring ϕ for D such that the color of the outermost region in Region(D) is s. We denote it by ϕ = (ϕ, s). We say that an extended n-coloring ϕ = (ϕ, s) is trivial if ϕ is a constant map, that is, all the arcs have the same color. Otherwise, ϕ is called non-trivial.
Assume that a diagram D ′ is obtained from D by a single Reidemeister move. If D has an extended n-coloring ϕ, then there is a unique extended n-coloring ϕ ′ for D ′ such that these two colorings are coincident in the exterior of the disk where the Reidemeister move is performed. Figure 4 shows such Reidemeister moves between the pairs (D, ϕ) and (
that is, Reidemeister moves keep the color of the outermost region. Also, if ϕ is non-trivial, then so is ϕ ′ .
Figure 4.
Let f : Z(n) 3 → Z be a function from the set Z(n) 3 = Z(n) × Z(n) × Z(n) to Z which satisfies the condition (#) if y = z then f (x, y, z) = 0. For a pair (D, ϕ) of an oriented diagram D and its extended n-coloring ϕ, we define an integer W f (D, ϕ) as follows: Around a crossing τ of D, let a τ ∈ Z(n) be the color of the under-arc on the right side of the over-arc with respect to the orientation of the over-arc, let b τ ∈ Z(n) be the color of the over-arc, and let s τ ∈ Z(n) be the color of the region on the right side of the over-and under-arcs both with respect to their orientations. Also, let ε τ ∈ {+1, −1} be the sign of the crossing τ . The left and right of Figure 5 show such a triple (s τ , a τ , b τ ) with ε τ = +1 and −1, respectively. Then we define Associated with a function f : Z(n) 3 → Z which satisfies the property (#), we define the function δf :
This definition is motivated from the coboundary operator of rack and quandle homology theories [1, 3] .
Lemma 2.1. Assume that a pair (D, ϕ) of an oriented diagram and its extended n-coloring is related to (D ′ , ϕ ′ ) by a single Reidemeister move.
Proof. (i) If the move is of type I in the first row of Figure 4 , we obtain 
Other cases are similarly proved.
(ii) We may assume that the three arcs in the bottom row are oriented from left to right. Then all the crossing are positive, and it holds that
which belongs to the set ±Im(δf ).
Let D be an oriented diagram, f : Z(n) 3 → Z a function with the property (#), s an integer in Z(n), and m a non-negative integer. We define two finite sets of integers as follows:
Here we put ∆ 0 (f ) = {0} for convenience. 
There is a finite sequence of Reidemeister moves between D and D ′ , in which there are ω moves of type III. For the extended n-coloring ϕ
by Lemma 2.1. Hence, we have ω ≥ m.
3. Proof of Theorem 1.1
We take a function Z(3) 3 → Z defined by f (x, y, z) = (x − y)(y − z)z, which satisfies the condition (#). This definition of f by a polynomial is motivated from [5] . Let ϕ = (ϕ, 0) be the extended 3-coloring for D 1 as shown in the left of Figure 6 . For the left crossing, say τ , we have the triple (s τ , a τ , b τ ) = (2, 2, 1) by definition. Similarly, the center and right crossings have the triples (2, 0, 2) and (2, 1, 0), respectively. Since the signs of these crossings are all positive, the integer Thus we obtain Φ f (D 2 , 0) = {±2} and hence,
Next we calculate the set Im(δf ) for the map f as above. Since a * a = a holds for any a ∈ Z(3), we have (δf )(x, y, z, w) = 0 for x = y, y = z, or z = w. The calculations for x = y = z = w are given in Table 1 . For example, the calculation for (x, y, z, w) = (0, 1, 0, 1) is: (δf )(0, 1, 0, 1) = f (0, 0, 1) − f (0, 1, 1) + f (0, 1, 0) −
= 0 − 0 + 0 + 2 − 2 + 2 = +2.
x y z w δf Table 1 .
Hence we obtain
From the above calculations, it is easy to check that
It follows that Ω 3 (D 1 , D 2 ) ≥ 2 by Proposition 2.2. The first row of Figure 1 shows
(ii) We use the function f :
For the extended 5-coloring ϕ = (ϕ, 2) as shown in the left of Figure 7 , we have Table 2 .
On the other hand, we compute the set Im(δf ) by using Maple and Mathematica, and find that it is a set consisting of 393 integers. Computer calculations also show that
, and hence we obtain Ω 3 (D 3 , D 4 ) ≥ 3 by Proposition 2.2. The second row of Figure 1 shows
(iii) We use the function f : We note that it is not necessary, in fact, to check the second and the fourth colorings, since the coloring of the left-hand-side assigns numbers of distinct parities for each component, so that this property will be preserved on the right-hand-side.
On the other hand, we compute the set Im(δf ) by using computers again as we did for the figure-eight knot, and find that it consists of 105 integers, and also find that W f (D 5 , ϕ) − Φ f (D 6 , 0) ∩ ∆ i (f ) = ∅ for i = 0, 1, 2, and hence we obtain Ω 3 (D 5 , D 6 ) ≥ 3 by Proposition 2.2. The bottom row of Figure 1 shows Ω 3 (D 5 , D 6 ) ≤ 3, which implies Ω 3 (D 5 , D 6 ) = 3. This completes the proof.
